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Heat flow model of rapid solidification with 
nonhomogeneous thermal contact 
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A heat flow model is presented of the solidification process of a thin melt layer on a 
heat conducting substrate. The model is based on the two-dimensional heat conduction 
equation, which was solved numerically. The effect of coexisting regions of good and 
bad thermal contact between foil and substrate is considered. The numerical results for 
thermal parameters of the AI-Cu eutectic alloy show considerable deviations from one- 
dimensional solidification models. Except for drastic differences in the magnitude of 
the solidification rate near the foil--substrate interface, the solidification direction 
deviates from being perpendicular to the substrate and large lateral temperature gradients 
occur. Interruption of the thermal contact may lead to back-melting effects. A new 
quantity, the effective diffusion length, is introduced which allows some conclusions 
to be drawn concerning the behaviour of the frozen microstructure during subsequent 
cooling. 

Nomenclature u i 
~i, ai Thermal diffusivity ~i = ki/eioi, ai = 

~ i / ~ 1  �9 Uo 
c i Specific heat capacity. 
d Foil thickness. ~i 
D Solid state diffusion coefficient. 
ex, ez Unit vectors. W 
H Latent heat of  fusion. 2, x 
h a, h a Foil-substrate heat transfer coefficients. 
i Index: 1, melt; 2, solidified foil; 3, 2o,Xo 

substrate. 
~:i, k i Thermal conductivity k i=  k.i/kl 2 1 ,  x 1 

n Normal unit vector. ~, z 
Nua,Nua,  Nusselt numbers for regions o f  bad 
Nu(x, 'c) and good thermal contact, respectively Zo,Z0 

Nu,~ = h,~d/Ei, Nu~ = had/Ea, Nu(x,  AE 
r) = h (x, r) d/k1. AT  

R Universal gas constant. /',u 
g, s Position o f  the liquid-solid interface 

g/d = s = Sxe x + Sze z. O(x) 
Local solidification rate s = ds/dz. 

t Real time. Xefr 
T i Temperature field. Pi 
To Ambient temperature, r 
Tf  Melting temperature, r~, r~ (x, z) 

Dimensionless temperature field ui(x, 
z, r) = Ti(x, z, r) /T v 
Dimensionless ambient temperature 

Uo = To/Tf. 
Local cooling rate within the foil ui = 
duJdr .  
Stefan number W = H/clTf.  
Cartesian coordinate parallel to the 
foil-substrate interface x = 2/d. 
Lateral extension of  foil section Xo = 
2old. 
Lateral contact length x 1 = 21/d. 
Cartesian coordinate perpendicular to 
the foil-substrate interface z = ~/d. 
Substrate thickness z0 = ~o/d. 
Activation energy of  diffusion. 
Initial superheat o f  the melt. 
Dimensionless initial superheat Au = 

AT/Tv  {~ x < 0  
Step function O(x) = if 

x~>O. 
Dimensionless effective diffusion length. 
Mass density. 
Dimensionless time T = t~a/d 2 . 
Total and local dimensionless freezing 
time, respectively. 
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TA B L E I Thermophysical properties 

Description Property 

c(Jkg -1K -1) H(Jkg -1) Tf(K) kfWm -1K -1) p(kgm -3) Do(m 2 see -1) AE(kJmo1-1) 

Foil*(A1-A12Cu) 779 3.42 Xl0 -s 821 88.8 3.30 X 10 a 2.3 X 10 -4 146 
Substrate (CU) 331 - - 329 8.93 X 10 a - - 

*Unified parameters for liquid and solid state 

1. Introduction 
Rapid quenching of metallic alloys directly from 
the melt has attracted much attention because 
of the large potential for new material properties 
originating in the refinement of the cast structure, 
extended solid solubility, metastable crystalline 
phases and amorphous alloys [1]. The various 
experimental set-ups are based on bringing the 
liquid metal in intimate contact with a massive 
chill-block (see [2] for a comprehensive review). 
Because of the high cooling rates realized it is 
difficult to measure the relevant process para- 
meters. Therefore attempts have been made to 
calculate the operating conditions for the for- 
mation of crystalline and amorphous foils from 
heat flow models. The liquid-solid interface 
velocity [3-5] and the cooling rate [5-7] were 
calculated. In all of these models a homogeneous 
heat transfer between foil and substrate was 
supposed. Recently the role of ribbon-wheel 
wetting pattern in the melt spinning process, its 
dependence on some process parameters and 
its effect on morphology of the amorphous ribbon 
and effective heat-transfer coefficient was studied 
experimentally [8-10].  

In this paper a theoretical model is presented 
for the solidification and subsequent cooling of a 
crystalline foil on a metallic substrate taking into 
account the locally inhomogeneous foil-substrate 
contact by means of different heat-transfer 
coefficients. The parameters for the A1-17.3 at% 
Cu eutectic alloy (see Table I) were used in the 
numerical calculations, because this alloy has 
already been the subject of several experimental 
investigations [10-15].  

2. Mathemat ica l  mode l  
The solidification model of a thin foil on a heat 
conducting substrate is illustrated in Fig. 1. The 
model considers general features of the rapid 
solidification process and is not restricted to a 
special technique. In case of the continuous melt 
spinning process [8], the model can be applied 
in the sense that the origin of the coordinate 
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system is fixed on the ribbon and the curvature 
of the substrate surface is neglected within the 
length of ribbon considered. 

The effect of coexisting regions of  good and 
less effective thermal contact to the substrate is 
included in the expression for the foil-substrate 
heat transfer function 

h(x,r)  = h a +(ho--ha)O(x--xa ) (1) 

The two-dimensional heat flow equations with 
temperature independent material parameters, 

Ou, ( ~ u i  + ~ u , t  O-r- = ai (2) \ 0x 2 0z 2 ] 

are used in connection with the boundary con- 
ditions 

Oua(x, O) 
k3 - -  - Nu(x, r) [uz(x, O) --ua(x, 0)] 

Oz 
(3) 

at the foil-substrate interface, 

Oul(sx, sz) Ou=(s,,, sz) Os 
On k2 On - W ~r  (4) 

2 . . . . . .  

r ~  

Figure 1 Sketch of the geometry of a freezing melt layer. 



at the liquid-solid interface, and 

~ u l ( x , d ) _  ~u~(O,z) ~ui(xo,z) 

~z 
= 0  

~x ~x 
(5a) 

ua(x,--Zo) = Uo (Sb) 

at the outer boundaries, and the initial condition 

ul(x, z, O) = 1 + Au (6a) 

u3(x, z ,  O) = Uo (6b) 

which includes a finite superheat. 
The mathematical problem was solved numeri- 

cally by the explicit finite difference method [16]. 
The release of the latent heat at the liquid-solid 
interface s, defined by ul (s, ~-) = 1, is treated by 
an additional procedure. 

Although all information on the solidification 
process is contained in the solution for the tem- 
perature fields ui(x ,z ,  r), it is useful to consider 
some related quantities. In particular, relating the 
foil microstructure with the characteristics of the 
solidification process, the local solidification rate, 
~(x, z), and the quantity 

1 f , D[u (x , z , r ) ]dr  Xef (X, z) =  Tf,x,z  

(7) 

representing an effective diffusion length, should 
be useful for characterizing the primary structure 
resulting from the solidification process and its 
subsequent evolution by solid state diffusion 
during the cooling process, respectively. An 
Arrhenius law D =Do  exp(- -AE/RT~u)  was 
used for the solid state diffusion coefficient of 
copper in an a-A1 matrix. 

3. Numerical results and discussion 
3.1. Homogeneous foil-substrate heat 

transfer (Alu~ = Nu#) 
In this case the problem is reduced to one dimen- 
sion and the quantities depend on z only. In Fig. 2 
the freezing process of a melt layer is illustrated 
for a given value of Nu by some characteristic 
temperature distributions. Within a first stage 
characterized by relatively high cooling rates fi in 
the melt the superheat is reduced. Within the 
next period essentially the latent heat released 
at the liquid-solid interface is extracted. Only 
in the solidified part of the foil considerable 
temperature gradients occur and u has its maxi- 
mum ahead of the liquid-solid interface. The 

6 S 0.5 

-2.O -1.0 O0 0~, zO 
z 

Figure 2 Thermal profile u (z, r) of foil and substrate for 
different times r/rf = 0.0 (1), 0.13 (2), 0.31 (3), 0.58 (4), 
1.00 (5), 1.37 (6) with Nu = 5.0 and r f  = 1.42. 

temperature of the melt remains nearly constant. 
rhe substrate temperature increases and the dis- 
continuity at the foil-substrate interface is 
gradually reduced. After completion of the solidi- 
fication the temperature distribution of the foil 
becomes more and more smooth and ti may 
again increase because of the lack of the latent 
heat contribution. 

The behaviour of the local solidification rate 
shown in Fig. 3 which differs considerably from 
the monotonous decrease with z in the case of a 
semi-infinite layer [5] can be explained on the 
basis of the different temperature distributions, 
In particular, the initial rise of ~(z) is due to the 
reduction of the steep melt temperature gradient 
near the substrate introduced by the initial con- 
ditions. This part of the plot is sometimes covered 
in numerical calculations with insufficient accur- 
acy, e.g. in [3]. The decrease of ~(z) after the 
maximum which only occurs for high Nusselt 
numbers is mainly due to the reduced heat transfer 
because of the increase of the substrate tempera- 
ture. For large superheat this region can be suc- 
ceeded by a second maximum of g(z) because 
after the exhaustion of the melt superheat the 
freezing process is again accelerated. This effect 
occurs typically for foils of finite thickness. The 
subsequent range of monotonous decrease of  
the solidification rate is a consequence of the 
thermal resistance of the solidified part of the 
foil and is nearly unaffected by superheat. Gener- 
ally, increasing Au and decreasing Nu not only 
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Figure 3 Local solidification rate g(z) within the foil with 
different Nusselt numbers and values of super-heat (1) 
Nu=5.0, ~u=0,122;  (2) Nu=5.0,  Au=0.244; (3) 
Nu = 5.0, zxu = 0.488; (4) Nu = 1.0, zxu = 0.122; (5) 
Nu = 0.5, ~xu = 0.122; (6) Nu = 0.1, ~u = 0.122. 

reduce the solidification rate but also tend to 
smooth the maximum. 

The effective diffusion length Xeff in the 
solid state is at its minimum at the foil-substrate 
interface for Nu >~ 0.5 because in that part of  the 
foil the temperature after solidification is quickly 
reduced below the melting point and therefore 
the solid state diffusion during the cooling process 
is limited (see Fig. 4). The reduced Xe~e near the 
top surface of  the foil on the other hand is due 
to the fact that this region is the last to be frozen 
and solid state diffusion acts only for T >  z~. 
With decreasing Nusselt number the maximum 
of  Xeff is gradually shifted to the foil-substrate 
interface because the temperature gradients 
within the foil are reduced and even the solidified 
part of  the foil remains nearly at melting tempera- 
ture until the freezing process is completed. 

3.2. Locally inhomogeneous foil-substrate 
heat transfer (Nu,~ --/= Nu~) 

The lift-off areas observed at the bot tom surface 
of  amorphous as well as crystalline ribbons [8 -10]  
should give rise to a strongly reduced heat transfer 
(heat radiation or conduction across the air gap) 
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Figure 4 Effective diffusion length her f within the foil 
with different Nusselt numbers (1) Nu = 0.1, (2) Nu = 
0.5, (3) Nu = 1.0, (4) Nu = 5.0, (5) Nu = 50.0. 

between foil and substrate. Although the accurate 
values o f  Nusselt numbers applicable and the 
configuration of  the lift-off areas are unknown, 
the main effects can be demonstrated by our 
two-dimensional model supposing some different 
values o f  Nuo, and Nu#.  

In Fig. 5 the local solidification rate i and the 
position of  the solidification front are shown for 
a foil with coexisting regions of  good and less 
effective thermal contact. The extent of  these 
regions is typically less than or of  the order of  the 
foil thickness. The absolute value of  g is greatest 
over the contact area where the soldification 
direction is perpendicular to the foil-substrate 
interface. In an extended range of  the foil above 
the lift-off areas, the solidification front advances 
with a continuously decreasing absolute value of  
the velocity and an inclined direction because the 
heat flow is directed to the contact areas. Solidi- 
fication parallel to the foil-substrate interface 
of  certain foil regions was already concluded 
from microstructural observations [13, 14]. Near 
the top surface of  the foil the solidification rate 
vectors are again tilted into the vertical direction. 
Within a certain range above the lift-off area, 
situated near the foil surface, the solidification 
rate is again enhanced. This is connected with the 
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Figure 5 Local solidification rates i(x, z) (arrows with lengths proportional to the absolute values of i) and position of 
the liquid-solid interface (dashed lines) at characteristic time r/r e in the case of non-homogeneous foil-substrate contact 
for (a) Nu a = 1.0 (shaded section), xl = 0.3, NucJNu ~ = 102 , AU = 0.122, r e = 5.66 and (b) Nu a = 5.0, xl = 0.3, 
NuJNu# = 102 , Au = 0.122, rf = 2.88. 

change o f  the interface shape f rom concave to 

convex  towards the  substrate.  Compar ing Fig. 5a 

and b it is seen that  the m a x i m u m  of  l i l  and the 

freezing t ime r e mainly  depend  on the  m a x i m u m  

Nusselt  number  Nua.  The quali tat ive behaviour  

is the same for bo th  cases. Only ahead o f  the 

thermal  contac t  area is the freezing process 

comparable  wi th  the homogeneous  case (see 

Sect ion  3.1). 

In Fig. 6a it is demons t ra ted  that  the  effect ive 

solid state diffusion length Xef f is a m i n i m u m  near 

the contac t  area and in the last solidified region 

but  the m a x i m u m  is located at the foil centre  

above the contac t  area. In the case o f  ex tended  
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Figure 6 Isolines of effective diffusion length l0 s X hey f for a set parameters corresponding to Fig. 5b, (a) with perma- 
nent contact and (b) with air cooling. NUc~ = Nu~ = 10 -4 at �9 > 1.25 rf. 
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Figure 7 Isotherms at r/rf = 0.16 within foil and sub- 
strate in case of non-homogeneous foil-substrate contact 
for a set of parameters corresponding to Fig. 5b. 

lift-off areas which are large compared with the 
foil thickness, numerical examples show that the 
main freezing direction is parallel to the substrate 
and 1hi is small far from the thermal contact area. 
The maximum kerr occurs above the lift-off areas 
under those circumstances. 

Finally Fig. 7 illustrates the temperature field 
during the initial stage of  the solidification pro- 
cess. The isotherms are curved around the thermal 
contact areas and gradually become parallel to 
the foil-substrate interface at distances compar- 
able with the foil thickness. The thermal field 
implies that at the contact area the coldest part 
of the foil section is adjoined at the region of  
maximum substrate temperature and large tan- 

gential temperature gradients appear near the 
boundary o f  the contact area. In connection with 
the different thermal expansion coefficients of  
the foil and substrate this is the origin of  large 
tangential stresses at the foil-substrate interface 
which could cause the foil to separate from the 
substrate. In later stages of  the solidification 
process the tangential temperature differences 
are more and more reduced. 

The numerical examples of  this section are 
especially concerned with Nusselt numbers in 
the range between ideal and Newtonian cooling 
which are most appropriate for the experiments 
[6, 18]. The results are given in a compact non- 
dimensional form. For illustration the following 
examples of real quantities are presented. In case 
of  Nu = 5 (Fig. 5b) one obtains with d = 40/~m, 
the value of  h = 1.1 x 107 Wm -2 K -1 correspond- 
ing to an upper limit for melt spinning [5], tf = 
1.34 x 10 -4 sec, maximum Igl--= 1.16 msec -1 and 
maximum Xeff = 4.0 x 10 -9 m. The latter value 
means that structural details less than 4 nm are 
smoothed by diffusion during the cooling process. 
On the other hand Nu= 1 (Fig. 5a) and d =  
2/~m leads to h = 4 . 4 x l 0 7 W m - 2 K  -1, t f =  
2.9 x 10 -7 sec, maximum [gl = 6 .85msec  -1 and 
maximum Xef~ = 1.6 x t0 -l~ m. 

3.3. Temporal change of the heat transfer 
Although the substrate-foil contact in several 
rapid quenching techniques is expected to change 
with time, e.g. in the melt spinning process [3], 
the effect of  this phenomenon on the freezing 
process has not yet been considered. In this 
section we treat two principal situations for 
abrupt change of  the thermal contact. In Fig. 8 
results are represented in a situation where the 
originally good contact is interrupted before the 
solidification was complete. As shown the solidi- 
fication process is not only decelerated but as a 
consequence of the superheat even backmelting 
of  the solidified part occurs at 0.04 < z/re < 0.12, 
before the solidification proceeds further. This 
leads to abrupt transitions between foil sections 
which were solidified with completely different 
rates in the ultimate state of  the foil. The observed 
backmelting phenomenon occurs only if the good 
contact is lost at a rather early stage of  solidifi- 
cation, e.g. 10% of volume was solidified in our 
example, and for considerable superheat. After 
the switch-off of  the good thermal contact the 
homogeneous contact case is realized and the 
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Figure 8 Ultimate solidification rates (arrows) and posi- 
tion of the liquid-solid interface (dashed lines) at charac- 
teristic times r/rf in the case of an abrupt loss of good 
thermal contact at r/r f  = 0.04 with Nu a = 5.0, xl = 0.3, 
Nua/Nu[3 = 25, Au = 0.244, at r /r f  ~ 0.04 and Nuc~ = 
Nu[t = 0.2 at  r /r f  > 0.04 ,  r f  = 6.92. 

solidification front is adjusted to being nearly 
parallel to the foil-substrate interface. 

The other case considered is the loss of  good 
thermal contact after the foil has completely 
solidified. The foil-substrate heat transfer was 
replaced at ~->~-f by a Nusselt number charac- 
terizing air-cooling. This corresponds to the 
separation of the ribbon in melt spinning. The 
calculations show that after a short transient 
stage during which the temperature differences 
within the foil are smoothed, the solidified foil 
is further cooled down with practically homo- 
geneous temperature. 

The effect of  reducing the solid state cooling 
rate at r = 1.25 rf on Xef f is shown in Fig. 6b. 
The effective diffusion length is increased and 
the local differences are decreased compared 
with the case of  permanent contact (Fig. 6a). 

The quantitative effect on Xeff depends very 
sensitively on the foil-substrate separation time 
because the average foil temperature rapidly 
decreases after completion of  solidification if 
the thermal contact is maintained and the diffu- 
sion coefficient steeply decreases with tempera- 
ture (e.g. D ( u  = 0 . 9 5 ) / D ( u  = 0.85) = 14.1). 

In the numerical example the increment of  
kerr during the air-cooling stage exceeds the 

other contributions if the separation time is 

< 1.15 rf. 

4. Summary and conclusions 
The influence of  local differences and temporal 
changes of  the foil-substrate heat transfer lead 
to the following new effects compared with the 
common one-dimensional heat-flow models for 
rapid solidification [3, 5 - 7 ] :  

(a) Large lateral differences of  the absolute 
value o f  the solidification rate g and strong devi- 
ations of  its direction from perpendicular to 
the substrate, 

(b) convex curvature of  the isotherms around 
the contact area and considerable lateral tem- 
perature gradients within foil and chill-block near 
the boundaries of  the contact areas, 

(c) local differences of  the effective diffusion 
length Xef f with a minimum near the contact 
area and a maximum in the central section of  
the foil, 

(d) abrupt changes of  the local solidification 
rate within the foil (under certain circumstances 
backmelting of  the solidified parts of  the foil), 
an increase of  the magnitude of  the effective 
diffusion length Xeff and smoothing of  its local 
differences (compared with the case of  persistent 
thermal contact) due to a sudden interruption of  
the thermal contact. 

The main shortcomings of  the model are the 
neglect of  melt flow in the heat transport, of  
kinetic effects at the liquid-solid interface which 
would, for example, cause the real freezing tem- 
perature to be lower than Tf for high solidification 
rates and the oversimplification of  the contact 
area pattern which does not fully correspond to 
the experimental observations [8 -10] .  Neverthe- 
less this model is useful for the interpretation of  
some microstructural peculiarities connected with 
the lift-off areas, e.g. at the bot tom side of  thin 
melt-spun ribbons of  the A1-17.3 at% Cu eutectic 
alloy [10]. For example over extended lift-off 
areas (larger than the ribbon thickness) A1- and 
A12Cu-lamellae directed parallel to the ribbon- 
wheel interface were detected at the bot tom side 
of  the ribbon. On the other hand over contact 
areas localized single phase domains of  highly 
supersaturated a-A1 solid solution surrounded by 
a degenerated microstructure consisting of  the 
two aluminium and AI:Cu equilibrium phases 
were found. These observations qualitatively 
agree with some suggestions made in this paper 
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concerning the variation of direction and absolute 
value of the local solidification rate caused non- 
homogeneous thermal contact. 
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